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Generalized Coordinate Forms of Governing Fluid Equations
and Associated Geometrically Induced Errors

Richard G. Hindman*
ITowa State University, Ames, lowa

The governing equations of fluid flow may be cast into various forms upon application of a generalized
coordinate mapping. These forms are the nonconservation law form (NCLF) and strong, weak, and chain rule
conservation law forms (SCLF, WCLF, CRCLF, respectively). This paper describes the geometrically induced
errors resulting from the failure to satisfy a certain consistency condition for each of these four forms and also
demonstrates the ability of the CRCLF to produce exactly the same numerical solution as the WCLF, provided a
condition is met on where to evaluate the transformation metrics. It is also demonstrated that considerably fewer
arithmetic operations are required to advance the solution from n to n+1 when the CRCLF is used in com-

parison to both the SCLF and WCLF.

Introduction

HE effort devoted to the field of computational fluid
dynamics is progressing at an ever-increasing rate. At
certain points in time during this natural evolution of
numerical methods, schemes, and ideas it is sometimes in-
structive to pause to reflect upon past work in an attempt to
gain the proper perspective. It is important that this reflection
reaches all of the way to the fundamental rules and practices
used to develop numerical techniques. Some of these practices
are often taken for granted much too soon after their in-
troduction into the literature. Only through a global view of
this past effort can subtle, mutually experienced problem
“areas and possible causes be identified.

The present work deals with the numerical solution to the
transformed fluid flow equations (i.¢., Euler equations, etc.)
using the finite-difference approach. The transformed
equations are obtained through application of a generalized
mapping from physical coordinates to computational
coordinates. At the time of application of the mapping to the
original equations and prior to choosing the numerical in-
tegration scheme, the analyst must decide in which form the
equations should be written. The choices are the non-
conservation law form (NCLF), strong conservation law form
(SCLF), weak conservation law form (WCLF), and chain rule
conservation law form (CRCLF). This decision is one of the
fundamental practices alluded to in the previous paragraph.
The present work illustrates how such a fundamental decision
can strongly influence both the amount of analysis required to
develop a consistent algorithm and the number of arithmetic
operations required to execute the algorithm. In addition, it is
shown that large solution errors and in some cases instabilities
can result from failure to implement the results of such an
analysis.

Governing Equations

The present work applies to problems governed by
equations having the following form

E+V-f=0 (1)
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where V is the gradient operator, u the dependent variable
vector, and f (in general) the dyadic flux function of the
vector u and its gradient. Both the Euler and Navier-Stokes
equations governing fluid flow problems can be expressed in
this form. The present work concentrates on equations with
not more than two space dimensions, although extension of
the analysis and results to three space dimensions is
straightforward.

Since most engineering problems are seldom solvable in a
Cartesian coordinate system, a generalized coordinate
mapping is often introduced in the form (for flows with two
space dimensions and time)

7=, £=E((LXxY), n=n(LX.)y) 2

The gradient operator V in terms of these new coordinates is
given by

V—Véa + Vv i
TV T gy

and the operator 4/9d¢ transforms to

ar ' a¢ n[an

The dyadic f is defined as f=if+jg where f and g are flux
vectors associated with the x or i direction and y or j direction,
respectively. The application of Eq. (2) to Eq. (1) yields

du ou du af af
o, A E
a7 TEigy Ty, gy Ty,

24
T

ag_

e g, =0 3)

This form of the transformed equations will be called the
chain rule conservation law form (CRCLF). This equation
may be written with the metric coefficients inside the dif-
ferentiation, thus producing a source term. The resulting
form is called the weak conservation law form (WCLF) and is
given by '

ou  o(futé f+Ee)  d(qutnS+n,8)
aT at an

+h=0 (4)
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where
= - [(Et)g'*‘(?’l,),,]u
~ () + (1)), g

—[(E)  + (n,),1f

It has been shown by Viviand! that it is possible to write the
transformed equations in strong conservation law form
(SCLF) as

9 <u>+i(f,u+sxf+£yg)+i(n,u+nxf+nyg)=0

ar\J/) " 3t J an J

®)

where J is the transformation Jacobian given by
J=8m,—E 9,

Thus far, all forms of the transformed equations have been
referred to as conservation law forms. For the sake of
completeness another form applicable to the Euler equations
is included here. This is the nonconservation law form
(NCLF) which may be obtained from Eq. (3) by recognizing
that f=f(u) and g=g(u) so that

of _dfou  dg _ dg du

3t duodt’ 9t dudE’

In these expressions df/du and dg/du are Jacobian matrices
to be denoted by A and B, respectively. Equation (3) is thus
rewritten in NCLF as

ou* au*
" (a4, A+ B =0
P E (nI+n,A+1,B) 37

©®

The superscript * on the dependent variable vector u indicates
that in the NCLF the dependent variables are often chosen to
be the so-called primitive variables rather than the con-
servative variables. This choice affects the appearance of the
Jacobian matrices A and B but not their characteristic
structure. )

For later reference, it will be noted that the transformation
metrics in Egs. (3-6) are related to the metrics of the inverse
mapping through the identities

£ e _

SEVX, XY, XY VX

£ £ 1 7

7=y,,, 7=“x,,, '}Z_J’g’ "Jl:xg )

Equations (3-6) represent four distinct forms in which the
transformed flow equations may be written. In developing a
numerical algorithm to solve these equations, the analyst must
decide which form best suits the purpose of the algorithm.
Once this decision is made, a test is needed to determine the
relative merit of the resulting algorithm. The remainder of
this paper is devoted to one such test and its implications on
the various forms of the transformed equations.

Uniform Flow Reproduction

One very simple test of a numerical integration algorithm is
to initialize the entire computational mesh with a uniform
rectilinear flow such that uf; =const for all i,/ in the mesh.
The indices i,/ correspond to the £ and n directions, respec-
tively, and the superscript n is the temporal index. Then
advance the solution one step with the boundary values held
fixed to obtain u}} through the application of the numerical
integration algorithm. If the algorithm is consistently for-
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mulated, the result must be u/#/ = ufl; for all grid points. This
test has been used by others” durmg algorithm development
and checkout. Although the test is simple, it has far-reaching
effects with regard to treatment of the transformation metric
terms when either the SCLF or WCLF of the equations is
used. The exact nature of these effects depends upon the
particular numerical integration scheme chosen to integrate

“the governing equations. The test is automatically satisfied

when either the NCLF or CRCLF of the equations is used. It
should be noted that satisfaction of this test is by no means a
sufficient condition for an algorithm to operate effectively
nor is it strictly a necessary one. However, it may be necessary
and the degree of necessary is a function of the geometric
transformation. This fact is illustrated by the following
example.

Application of MacCormack’s? explicit predictor-corrector
scheme to the transformed one-dimensional wave equation in
WCLF

ou du o a d(ct u)

u ct u
o +c o* =0 T =t e + T c(£,)u=0

E=£(x) ®
with the initial condition #(£) = const at ¢ =0 yields

Predictor

— A
utl=y— —Z-A(céxu) +cAT(E, ) u

Af

Corrector

1 — A — —
untl = 5 [u+un+l_ _T V(CEXu)"‘LI+CAT($X)2'+IH”'”]

Ag

where A and Vv are the conventional forward. and backward
difference operators, respectively, and no subscript implies
point j while no superscript implies temporal level n. Sub-
stitution of the predictor into the corrector and enforcement
of u7=const for all j yields

utl =yu— 15[ (I1+cArQ—vVE,) (vAE, — cATQ)

+ (#VE,—cATQ) —vE,,_, (VY AL —cATV Q) Ju
where v=cA7/A¢ and Q, QO are used to represent (£,)¢ and
¢, )"*’ , respectively, which come from the source term of
Eq. (8). Now a relative error, E, in the solution may be written
as a function of only the geometric mapping parameters,

un+l —Yy
E——u— [(1+CATQ~vV£ ) (vAE, — cATQ)

+ (vVE,—cATQ) —véxj_l(vVAEX—cATVQ)] )
Thus the relative error in executing one integration step is
entirely dependent upon the geometric mapping for a given »
and number of mesh points. It is reasonable to assume that
for some mappings this error is insignificant while for others
it may be overwhelming. Indeed this is the case. Assume the
specific mapping function given by

efr—J O=x=<l
b1 O0<t<]

E(x)= (10)

where 8 is a parameter which controls the amount of coor-
dinate stretching and 8=0 is the limiting case, £=x. This
mapping will be referred to as mapping I. Figure 1a illustrates
the character of this mapping for various values of 3. If the
relative error is computed for this mapping with Eq. (9), the
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result is that E=0 for any » and any mesh spacing. Thus, no
error is introduced into the solution due to this mapping.
However, suppose the mapping function is given by

e —1
ef—1

x(&)= (1

or

E(x)=éfn[1—(1—e‘3)xl

This mapping will be called mapping II. Figure 1b illustrates
the character of this mapping for various values of 8. It can be
shown that the relative error function in this case may be
expressed as

K .
= 5 eUDO( (% —20¢" — 1) +vKeU=2?[ (6 1)e®

+(1—02)e? +e — (1+6)]} (12)
where (note the symbol 4 used to indicate a definition)

ef—1 1

£_ 4 =

and J is the number of mesh points. The subscript j indicates
that the relative error is a function of position in the mesh for
this mapping. Figures 2a and 2b illustrate the magnitude of
this error for various values of B. These figures vividly
demonstrate that large errors can result in just one step from
the use of this mapping. A beta of 10 on these figures has a
special significance in that it corresponds to the value required
to obtain

=,/ (y,—Y,) =.0001

for the case when J=11. This high degree of grid refinement
is often required near a wall for high Reynolds number
turbulent flow calculations, although for such calculations
more than 11 points are required. It is important to point out
that formally Ej=O(A'r3), which means two things. First,
since MacCormack’s scheme is second-order accurate in both
time and space, i.e.,

un+1=un+ E [(6_u>n+ (%)Fl]_i_O(AT.?)
2 ar a7

then clearly the relative error formally reflects the accuracy of
the integration scheme used. Second, in view of the gross
errors possible with this mapping, it becomes necessary to
question the very meaning of the formal order of accuracy of
a method or scheme in this context. It is possible that the
Taylor series representation of E; in Eq. (12) is divergent for
at least some values of 8 and Af. This may explain the
existence of extremely large errors which are formally claimed
to be 0(A7?).

This example clearly shows the merit of a scheme which
guarantees u}'“ =uf whenever u}=const for all j. For such a
scheme, E=0 for all j and for all mappings. The fact that
E =0 in the case of mapping I given by Eq. (10) is due to the
linear dependence of the metric £, on the transformed
coordinate, £. That is, differentiating Eq. (10),

8 B . g
Py Ll

so that Q-and Q in Eq. (9) are given by Q=0=({£,),=8"
which has no spatial variation. Thus, Af,/AE=(£,),, etc.,
and the terms in brackets in Eq. (9) all vanish. In contrast to
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this special case, the mapping of Eq. (11) yields a metric
variation in terms of the transformed coordinate of

3 -1

ax  Beft

which is highly nonlinear with (£,), = (1—e?)/e®. Thus, for
example, A, /A£ is not a very good approximation to (£,)
and this is the source of the large relative error since the terms
in brackets in Eq. (9) do not vanish for this case.

Before proceeding, a few words are needed with regard to
multidimensional equations and nonlinear equations. The
relative error for a multidimensional linear scalar equation in
WCLF may be derived in the same manner as the expression
for the one-dimensional example just presented. The resulting
expression is more complicated and to conserve space will not
be given here. As was the case in the one-dimensional
problem, the relative error is dependent only upon the
geometric mapping parameters once the value of » and
number of grid points are chosen. For the nonlinear problem,
however, it is reasonable to expect, since the relative error will
depend upon the solution itself, that some solutions will
amplify the already present geometrically induced error while
other solutions might tend to damp this error. In other words,
the relative error induced by improper numerical treatment of
the geometric mapping is problem dependent for nonlinear
equations. Thus it is important that a numerical integration
algorithm somehow eliminate this error source so as to
enhance the reliability of the resulting algorithm. This is
accomplished for the WCLF and SCLF of the equations as -
follows.

WCLF

The application of MacCormack’s scheme to the WCLF of
the transformed equations [Eq. (4)] yields:

Predictor

A7
X:
+AT[(5) ¢+ (1), Jut+ ATI(E ) + (0, 1/

— AT
utl=y— — A (fu+t f+E,g) - Z;?A,-(ntu+nxf+nyg)

+Ar{(&,) + (), 12
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Corrector

1 — A7
urtl = P {u%—u"”— Y Vb utEf+E,8)"
ar WAT PR )
—Ev‘,(mumxfﬂyg)" +AT[(E)  + (), 17U

FATL(E) o+ (1), 17T 48718, + (n,), 1777

The wuse of the product expansion formula A,(AB)
=A,, ;AB+ (AA) B on the predictor equation yields

— A
Ty Zg (A (E)u+d,(E)S+A(E,)g]
AT
h Eé’ LD A+ (8 1 AS+ () 4,880
AT
R RLER MU RYETMUREY
AT
T Ay CO1) At () s A+ () 20 8,8

+AT[(E ) gut () ut (E) oS+ (), f

+(&,)) 8+ (n,),8]
Now suppose uf;=const for all i,j. Then the terms in braces

vanish since Au=u}_,~uf=0, etc. Collection of terms in
brackets results in the equation

M,IIZM_AT[A’(S’) _(g,)g]u—Ar[é’% - (77,)”]“

Af
_AT[%?) _(gx)s]f—m[ﬁg*—) ~(nx)ﬂ]f
—AT[%%l - (éj),)g]g—AT[%zy) ~(11.,,),,]g

from which u"*!=u at all points, provided all bracketed
quantities vanish. This is possible if the metric derivatives in
the source term [i.e., (21)5, etc.] are computed numerically
with the same difference operator that was used to evaluate
the associated flux derivative. In this case

A (¢)
A§

A (&)
Ag

(£);= s ()=

and so on. Now that w"+/ =y" at all points, the same
procedure may be used on the corrector to yield w'+/ =u”
provided

V(£
Af

v, (£1%7)

T = PR
E)it'= £+ = AL

and so on. The resulting predictor-corrector scheme may be
written as:

Predictor

[ A
uttl=y— ;; LD hu+ (&) A+ (), A8]

AT

- 57 [(n,)H,Ajqu (’f)x)j+/Ajf+ (7),,,),+1A,~g]
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Corrector

. AT
un+1 - —
Af

{u—{-um— (), Vit (5 VS

N~

— A
+(£y),;1v,'g]"+1_ A_;’f (), Vut(n) VS

+(ny),-_,ng1"’+7} (13)

Note that no constraint has been placed on how the metrics §,,
£ &, M my, and u, are to be evaluated but only how their
derivatives must be evaluated. This is not the case when the
SCLF of the equations is used as is now shown,

SCLF

Application of MacCormack’s scheme to the SCLF given
by Eq. (5) yields:

Predictor
u\n+l u AT £, 3 £
_ ={ -} A | Lu+Er4p 22 :I
(J) (J) A ’[J“ 7/t
A7t 7, T .. My ]
An /[Ju 7T TE
Corrector

u\n+l ] u u\+i At £, £,
s — o Z — Ly 22
(J) 2{(1>+(1> Agv’[J” 77
gy ]"+,1 AT I:T" Ny ny ];:]}
2y - — . L+ 1y
t A Vil I

Expansion of the predictor equation using the product ex-
pansion formula previously introduced and recognition that

Au=Af=Ag=Au=7,f=Ag=0

since u; ; = const for all i,/ yields the equation

(5= (2)-arf[24802 , 5002,

+ [A,(ixg/J) N A’/(Z;/J) ]f+ [A,(Z/J) N Aj(z;”) ]g}

Since the conditions are sought which cause #”*/=u" for all
i,j it is natural to require the bracketed coefficients of fand g
to vanish and the coefficient of u# on the right-hand side to
equal the coefficient of u on the left-hand side. This results in -
the conditions

Af An
AEN) A (15)
A Ay
1- n+1- 1 _‘A_T é __g 31—’
(5)7=(3) AéAf(J) AvA’(J) ue

Equations (14) and (15) are rewritten with the use of the
identities in Eq. (7) to yield

A, A=y A(=x)  A(x)
A£+An—0 Ag+An"

0
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These conditions are identically satisfied if x,, x,, v, ¥, are
approximated by forward differences such that

_AM 4;(x) A (») A0
}’n=——A—n‘, X, An s Ve E Af s X = A

amn

N

In addition, Eq. (16) represents the condition resulting for a
time-varying grid. This equation represents MacCormack’s
predictor applied to the identity

(55

which is called the geometric conservation law (GCL) by
Thomas and Lombard> who first recognized the need for
numerically solving this identity with the same integration
scheme used for the SCLF of the transformed equations. The
same process may be applied to the corrector equation to yield
the following conditions,

VAESD VD
Ag An
V(gD VD

Af Ap
G) =316+ G) - sv ()
()]

where it follows that

yirT e YTy v,

n Ay ’ 7 Aﬂ

g ()t V. (x)n+T
=T e T (®)

The result is that u”+! =u” for all i,j when u" =const for all
i,j. The resulting predictor-corrector scheme may be written
as:

Predictor
AT n+1
wtl=u—— [(§) 80+ () AS+ (E) 4, A8]
Af +1 +1 yli+l! J,‘+1
n+1
[(771 j+1A u+(nx j+1Af+(ny j+1Ag]J
j+1
Corrector
un+1:£{<',n+1)un+< _J"_H>un+l
2 Jr Jr
n+17
—?[(s Do Vi (B VI (E) o Vel s
i-1

AT 7 "
—E,[(n( IV u+(T’x i 1Vf+(77y J= 1ng]"+ Jn+l}

(19)

where the metrics must be numerically computed from Eqgs.

(17) and (18) with the use of the identities in Egs. (7).
Equations (13) for the WCLF and Egs. (19) for the SCLF

do not normally appear as they are written here. The present
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form is used, however, to provide an interesting comparison.

The major results to this point are now summarized. A
reliable algorithm must be able to exactly reproduce a con-
stant flowfield for all time. This requirement results in special
treatment of some or all of the geometric mapping parameters
for the WCLF and SCLF. Failure to satisfy this requirement
can cause gross errors in the computed solution. This amounts
to computing derivatives of metrics with finite differences for
the WCLF with no requirements on the metrics themselves,
while for the SCLF the metrics are computed with finite
differences and the GCL equation must be solved numerically
for problems with time-varying grids. The actual finite dif-
ferences used for these geometric terms depend upon which
numerical integration scheme is chosen to integrate the
governing equations.

The fact that special conditions result for the WCLF and
SCLF in order that exact reproduction of constant flowfield is
possible suggests that some other form of the governing
equations may be more desirable. Consider MacCormack’s
scheme applied to the NCLF of the equations [Eq. (6)]:

Predictor

wr T =y -—(£I+$A+$ B),, Au*

E l+a l

AT
o (n11+nxA+7]yB)J+o( U u*

Corrector
*n+7 — 1 n+ 1 n+l
wni =2 urue ——£(£I+£A+£B)"+1V u*
— A_ n+1 an+l
(T],I+nXA+17yB) Vu (20)

where O=<a=1. Now if the solution at n is uy; =const for all

i,j, then it is easy to see that application of Eqs (20) for one
step yields directly w" ' =y*" . That is, the mapping
parameters are uncoupled from the finite differences used in
the integration scheme so that satisfaction of special con-
ditions on the geometric parameters is not required for the
NCLF in order to reproduce a constant flowfield exactly. This
exact reproduction is satisfied automatically by the form of
the equations. Unfortunately, the NCLF of the equations is
not able to capture weak solutions correctly. This is what
motivates the analyst to use a conservation law form. Con-
sider now the result of applying MacCormack’s scheme to the
CRCLF of the equations given by Eq. (3):

Predictor

AT
Ll"+1—u— A—E [(S )l+a 1u+ (gx)i+aA11f+ (gy)i+ozvig]

AT
- E, L1 ) jaaBiut+ () 1 oA+ (1) 40 8,8]

Corrector
wtt = D T S )t () L,V
2 AE ! X7 i—a I
T AT
+(£,)),_,V.8l _A—"I L)oo Vit () ;o VS

+ (nn,_ang]m} @1)
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Again, 0=<a =<1 and u}; = const for all i,j, then it is obvious by
inspection of Egs. (21) that u"*/=uy" for all i,j without
imposing any special conditions on the metrics or their
derivatives. Thus, the exact reproduction in this case is also
automatically satisfied by the form of the equations. In
addition, it is easy to see that Egs. (21) are capable of cap-
turing weak solutions since these equations with a=1 are
identical to those derived for the WCLF [see Eqs. (13)] where
special differencing was required on the metric derivatives in
the source term (this follows provided one believes in the
capturing capability of the WCLF). It is not the intention of
the author to advocate the use of a =1 but rather to point out
that such an o yields a scheme identical to the consistently
formulated WCLF scheme.

The CRCLF requires no special consideration on how to
compute the metrics or their derivatives and it has the ability
to capture weak solutions. In addition, it requires fewer
arithmetic operations to perform the calculation of the same
representative quantity as shown in Table 1.

This table illustrates that when chainingt is used the actual
number of operations are fewer for the SCLF but a divide is
needed which requires far more computational effort than the
additional two adds shown for the CRCLF. When the SCLF
is used it may be more efficient to store the inverse of the
Jacobian. Then the divide shown would instead be one extra
multiply. This multiply would still require more computer
time than the two adds for the CRCLF. In addition, if J=/ is
stored, then in order to obtain u"*/ from (uJ~!)"*! a divide
must still be performed at this point. If the grid is time in-
variant, then efficiency is gained if both J and J~/ are stored
so that these divides are eliminated completely. Note,
however, that for time-varying grids a great deal of additional
effort will be required to solve the GCL equation along with
the SCLF.

The next section contains simple numerical results which
demonstrate the relative merits of the WCLF, CRCLF, and
SCLF of the equations.

Numerical Results

The results in this section are categorized into three main
groups. The first group deals with the shock-capturing ability
of the CRCLF, WCLF, and SCLF. The second group is
devoted to geometrically induced steady-state errors made
with a model equation using the WCLF with inconsistent
metric derivatives which prohibit satisfaction of the uniform
flow reproduction test. The third group contains results of a
study of the consequences of not satisfying the GCL equation
when the SCLF is used on a space-marching problem.

Shock Capturing

Normally when the shock-capturing ability of a scheme or
method is to be tested, a simple model problem is chosen such
as the inviscid Burgers’ equation in one dimension

u2
u,+(7>=0 0<x<I, 0=t
X

with discontinuous initial conditions such as

1 O0<sx<d

0 d<x=l O<d<i

u(x,0)={

Unfortunately, a one-dimensional problem with a time-
invariant grid is of no value for the test needed here since the
SCLF solution reduces identically to the CRCLF solution in

tChaining refers to the reuse of already calculated quantities. For
example, calculation of 4;(A;)=A4,,,—A; at i=2 requires
evaluation of 4; and A4, while at i=3 evaluation of A, and 4; is
required, but A; was already determined for i=2 so it need not be
recalculated.
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Table1 Typical operation count summary for
the various equation forms

Operation count to compute the £-direction contribution from the
terms E,u€+‘;’xf5+£yg for a scalar equation with Af=1 and
assuming u, f, g £, %X, &, and J are already computed using
equivalent effort:

WCLF  (Eu+&,/+6,8) — (§)u— (&) S~ (§),8

SCLE (S,M+Exf+51ig)
J £

CRCLF

n/m? WCLF SCLF?

Add-subtract 11/92 5/3 5/5
Multiply 9/6 6/3 3/3
Divide 0/0 2/1 0/0

3n = without chaining, m = with chaining. YThis does not include the fact
that the GCL equation must be solved with the SCLF for a time-varying grid.

this case. To see this, examine the SCLF and CRCLF of the
equation

u,+f,=0

transformed by the time-invariant mapping 7=¢, £=£(x).
The SCLF is given by

u Exf)
-} +(2) =0
(5)+(),
where J=£, and the CRCLF is

u,+£,f;=0 22)

Note that the SCLF may be simplified to

(2) 1m0

Application of MacCormack’s scheme to the SCLF yields:

Predictor

Corrector

()"'=3 1)+ () - o]

The predictor may be rewritten as

e n+l AT
wun+! = 2% u-—En+tl A
£ 134 AE f

but for a time-invariant grid, £7+!=¢£, so

— AT
uttl=y— A_E £.4,

Likewise the corrector can be simplified to

AT

1 JU—
un+l - - (un+l +u—
2 AE

£,V
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This predictor-corrector scheme is exactly that which would
result from applying MacCormack’s scheme directly to the
CRCLF [Eq. (22)] with the metric evaluated at point j. Thus
the two forms of the transformed equations yield the same
difference scheme and thus identical numerical results for a
one-dimensional equation and time-invariant grid. Recall that
the CRCLF was also shown to yield results identical to the
consistently formulated WCLF when the metric was evaluated
at j+ 1 for a forward-differenced flux term and j—1 for a
backward-differenced flux term. This result is true even for
multidimensional equations and time-varying grids.

The preceding comments were verified by numerical ex-
periments on the model equation

u2
u,+<—>=0 0<x<l, 0=t
27/

which was mapped by 7=1, £ =£ (x) with initial conditions

o { 0 j=1
7Tl 2 j=23..,J

Figure 3 illustrates the numerical solutions to the CRCLF,
WCLF, and SCLF for the case where mapping II was applied.
This figure shows that the postshock oscillations are damped
somewhat for the consistent WCLF or CRCLF with offset
metrics. The exact solution is shown for comparison.

Steady-State Errors of Inconsistent WCLF

A source term appears in the WCLF of the transformed
equations of interest. This term contains derivatives of
metrics. The uniform flow reproduction requirement imposes
a restriction on how to evaluate these derivatives. An error
results if this restriction is ignored. A simply study of the
nature of this error is conducted by considering the one-
dimensional first-order wave equation given in WCLF in
transformed coordinates as

u,+(cEu)—c(§,) u=0 0<té<l, 0=<r7

with initial condition #(£,0) = 1. The boundary conditions are
#(0,7) =1 and u(1,7) =u(1 —cAr, 7—Ar). The exact steady-
state solution to this problem is u(£,00) =1. The numerical
steady-state solution to this problem using MacCormack’s
scheme with 11 grid points is shown in Fig. 4 for mapping II
at various values of 8. Note that at 3= —3 the steady-state
error at x=1 is 3%, while at 3= —4 the solution is actually
diverging. This divergence is seen clearly by examining the
solution at a typical point as time progresses. This is shown in
Fig. 5. It should be noted that 8= —4 does not represent a
severe coordinate stretching, yet a divergent solution results.

The primary purpose for using mappings is to place more
grid points in regions where dependent variables are changing
rapidly. This is especially true in viscous flow calculations
where the grids must resolve the flow details in wall boundary
layers. A mapping which is frequently used in viscous flow
grids is due to Roberts?® and is given by

-0 (BZ(5) resn

where 3= o0 corresponds to the degenerate case é=xand 8=1
implies infinite clustering at £ =0. This mapping will be called
mapping III and is shown in Fig. 6 for various values of 5. A
study of the steady-state solution errors resulting from this
mapping on an 11 point grid is summarized in Fig. 7. This
figure reveals that for a moderate amount of stretching of
B=1.005, a 30% error results in the steady-state solution at
x=1. The solution divergence behavior present with 8= —4
for mapping Il did not appear for mapping III, even for
$=1.0001. However, a 30% steady-state error is intolerable.
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Fig. 3 Shock capturing and SCLF, CRCLF, WCLF equivalence for
inviscid Burgers’ equation with mapping Il and 8=2.
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Fig. 4 Steady-state solution to one-dimensional wave equation in
WCLF with mapping II and analytical metric derivative in source
term.
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Fig. 5 Solution time history for one-dimensional wave equation in
WCLF with mapping II, 8= —4, and analytic metric derivative in
source term.

The SCLF and GCL Eguation

The SCLF of the transformed flow equations is widely used
today for solving fluid flow problems. More often than not,
however, the GCL equation is not correctly satisfied
numerically. This may not present any difficulties for
problems in which only the steady-state solution is of interest.
However for problems with unsteady grids in time and space-
marching problems, such as those for which the parabolized
Navier-Stokes (PNS) equations are solved, the errors resulting
from failure to numerically satisfy the GCL equation may be
important. A study of this error is made by solving the Euler
equations for supersonic flow over a two-dimensional body.
The transformed equations in SCLF are given by

(5)Cjro0) -

where the mapping £ =x and 5 =7%(x,») has been applied and
£ is the marching direction. The GCL identity is

()

1
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Fig. 7 Steady-state solution for one-dimensional wave equation in
WCLF with mapping IIT and analytic metric derivative in source term.

The vectors f and g are the usual Cartesian flux vectors
associated with the continuity and Euler momentum
equations. The energy equation is simply: total en-
thalpy = const. The CRCLF of the transformed equations is
given by

JetnS, +n,8,=0

The equations in SCLF and CRCLF are solved for two body
shapes using MacCormack’s standard unsplit predictor-
corrector scheme. These two shapes represent a sharp-
cornered expansion and a sharp-cornered compression as
shown in Fig. 8. The freestream Mach number is 2 and the
base wedge angle is 10 deg. Note that the GCL identity is not
solved numerically for the SCLF. The outer shock is fitted
explicitly so that the computational domain lies between this
shock and the body. The calculations begin at £ =x=1 with
the exact wedge solution. The grid of 10 points is distributed
between the outer shock and the body according to mapping
II with 8=5 (see Fig. 1b). The sharp corner in both the ex-
pansion and compression cases occurs at £=x=1.5. The
boundary condition used at the body is a simple wave
correction procedure due to Abbett.1? The metrics used in the
SCLF and CRCLF are obtained analytically.

The results of marching down these two bodies with the
SCLF and CRCLF codes are shown in Figs. 9 and 10. Figure 9
shows the pressure distribution in the physical coordinate y at
an axial station just ahead of the expansion/compression
corner. This figure clearly illustrates both a surface error of
2% and an anomaly at the shock for the SCLF code with a
grid of 10 points. These errors are not present in the solution
from the CRCLF. Also shown in Fig. 9 is the SCLF solution
for a grid of 20 points. The errors are significantly reduced as
expected, but are still present.

The steady-state error problem discussed for the model
wave equation in the previous subsection shows up again in
Figs. 10a and 10b. The body pressure distribution is presented
for the expansion problem in Fig. 10a. This figure illustrates
that the SCLF exhibits an error buildup of about 2% just
ahead of the sharp expansion. This error continues to build
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Fig. 8 Supersonic flow test geometries for a) sharp expansion and b)
compression tests of SCLF and CRCLF.
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Fig. 10 Surface static pressure distribution: a) sharp expansion; b)
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aft of the expansion to reach a steady-state error of about
3.8% at £=x=>5. This error is, of course, not present in the
CRCLF solution. A very similar trend is observed for the
compression problem in Fig. 10b, except that the steady-state
error is lower at 2.8%.

Conclusions

A simple test for exact reproduction of uniform flow is
exploited to yield conditions on the evaluation of the
geometry derivative information for problems in which
generalized mappings are used with the equations written in
either WCLF or SCLF. No special conditions exist for the
NCLF or CRCLF of the transformed equations. When the
condition is satisfied for the WCLF, consistent finite-
difference equations result which are shown to be exactly
equivalent to those resulting from the CRCLF with the metric
coefficients evaluated at j—1 for backward-differenced flux
terms and j+1 for forward-differenced flux terms. Thus
identical solutions are produced by the CRCLF with these
offset metric evaluations and by the consistent WCLF. In
addition to this equivalence, it is also shown that identical
finite-difference schemes are produced by the CRCLF with
the metric coefficients evaluated at point j and by the SCLF
for one-dimensional problems with time-invariant grids. This
equivalence builds confidence in the shock-capturing ability
of the CRCLF.
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Failure to satisfy the special condition for the WCLF is
shown to lead to large steady-state errors for a model problem
with mapping III and even divergence of the solution for
mapping II with moderate stretching. Failure to satisfy the
GCL condition for the SCLF is shown to give rise to
significant errors on two simple inviscid supersonic flow
problems when mapping II is used.

Both the consistently formulated WCLF and SCLF may be
used. They require some analysis to determine the consistency
conditions on the mapping parameters. This analysis must be
done for each integration scheme used. The present work
illustrates the analysis for MacCormack’s scheme. For time-
varying grids the SCLF requires the additional numerical
solution of the GCL identity equation with the same in-
tegration scheme used for the transformed equations. Finally,
both the WCLF and SCLF of the equations require more
computational effort than the CRCLF. In addition, the
CRCLF can capture shocks and yields qualitatively similar
solutions to both the WCLF and SCLF. ‘

More work is needed on the idea of geometrically induced
errors, particularly for some of the currently popular implicit
schemes and their use in space-marching applications such as
parabolized Navier-Stokes equations.
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volume is organized to provide a detailed coverage of both the available experimental data and the theoretical prediction
methods in current use. The case of a single jet in a coaxial stream is used as a baseline case, and the effects of axial pressure
gradient, self-propulsion, swirl, two-phase mixtures, three-dimensional geometry, transverse injection, buoyancy forces,
and viscous-inviscid interaction are discussed as variations on the baseline case.
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